In this paper, we study the results of coupling multistable systems which have hidden attractors with each other. Three modified Sprott systems were coupled and their synchronization was observed. The final state of the synchronized system changes with the change in the coupling strength. This was seen for two different types of coupling, one with a single variable and the other with two system variables.
Introduction
Synchronization of dynamical systems has become a field of intense interest and hence extensive study in the last decades [1] [2] [3] [4] [5] [6] [7] [8] . Just the dynamical systems alone have been known to exhibit a wide variety of complex behavior.
The reason why synchronization of coupled systems is gaining interest is the huge real life applications that collective behavior [9] [10] [11] of such systems has [12] [13] [14] [15] . From social behavioral analysis to biological models like neural networks, we have seen the importance and hence the justified interest in the study of this phenomenon increasing.
Since the introduction of the concept of synchronization by Pecora and Carroll [1] , there have been a lot of different approaches and therefore types of synchronization observed and documented, like the complete synchronization, phase synchronization [16] , lag synchronization [17] , and so forth. In our work, we will be studying complete synchronization of the system presented. Now looking at behaviors of dynamical systems, a recent concept that is becoming increasingly interesting is the concept of multistability and hidden attractors [18] [19] [20] [21] [22] . Multistable systems are those dynamical systems that have more than one equilibrium point for a given set of parameters. This results in the final state of the system being very sensitive to the initial conditions and also to perturbations.
Another interesting concept is the hidden attractor. Hidden attractors are attractors whose basins do not intersect with small neighborhoods of equilibria. This results in needing special methods to find them as standard methods become insufficient. These kinds of attractors were first observed by Yang et al. [23] who, when studying a system with two stable equilibrium points, found that the same system exhibited chaotic behavior. These attractors were later called hidden attractors by Leonov et al. [24] . There have been a lot of further studies in this field, since the systems show multistability, and have resulted in hidden attractors being shown using electronic circuits by Saha et al. [25, 26] . This shows actual physical realization of the theoretical concept. Furthermore, the system introduced by Sprott [27] [28] [29] , and later studied in a more generalized way by Wang et al. [30, 31] , has shown similar behavior. This is important to our case as it will be the base system we will be using in our studies.
In our study, we have decided to take a multistable system with hidden attractors [30] and study the complete synchronization of three such systems coupled simply. While there have been studies done on seeing the transition between two attractors in a multistable system [32] and even on generalized synchronization of such attractor [33] , we will be observing the complete synchronization of our system and how multistability of the system affects the observed synchronization. (1) where the blue point gives the stable equilibrium point, the green line gives the strange attractor which is chaotic, and the red line denotes the hidden attractor which is in period-three limit cycle.
System Model
In this work, we study the different synchronization of one such system proposed by Wang and Chen [30] , which in itself was a more generalized version of the one proposed by Sprott [27] [28] [29] . Wang-Chen system is described by
where , , and are three state variables, while is the parameter. This system has a hidden attractor and shows multistability and the parameter is chosen in such a way that the final state is very sensitive to the initial condition. There are three attractors in the system to begin with: a point attractor, a strange attractor, and a hidden attractor. In our system, we have chosen = 0.01, so that the stable attractor converges to a point, the hidden attractor is in period-three state, and the strange attractor is chaotic as illustrated in Figure 1 .
Single Variable Coupling
There are a variety of ways in which the system mentioned can be coupled. We have chosen a simple unidirectional coupling but with all , , and being coupled one at a time. The figures below show the results, where the initial condition of the individual systems would have all taken them to the hidden attractor had there been no coupling. The plot shows how the difference, Δ changes with the coupling strength, where
with , = 1, 2, 3, and = 1, 2, . . . , . Here denotes the last few iterations over which we have taken the mean. In our work, the value of Δ is corresponding to the synchronization error. For example, when the synchronization occurs the value of Δ < 0 ± 0.0001. It can be seen from Figure 2 that there are multiple regions of synchronization. When these regions were studied individually, they showed that the final synchronized state was not the same at all these points. It was also seen that, at every point of synchronization, there is a complete synchronization of all the variables with every other variable.
Let us take the case of unidirectional x-coupling alone, whose equation iṡ1
After studying the individual cases, it was seen that the final region of synchronization changes from one attractor to another at the different synchronization regions (see Figure 3 ). Since it was seen that all variables, that is, x, y and z, synchronize whenever a single one synchronizes, we can just study the final state of a single system and conclude that all the systems are in this same state. The synchronized states start with the system being in the fixed point attractor ( = 0.15) which then changes to the period-three attractor (from = 0.32) and finally to the chaotic attractor ( = 0.36), where it stays for all other increases. Now, when we try the same using y-coupling, synchronization only occurs in a small region. Here both the regions of synchronization are where the system finally reaches the fixed point. No other regions were observed. When repeated for the -coupling, the result was that there was a large region of synchronization like in the case of x-coupling, but the final synchronized state was always in the fixed point attractor, like in the y-coupling.
Two-Variable Coupling
Next we tried the same unidirectional coupling, but now with two variables. For example, the equations for xy-coupling looks likė1 Many regions of synchronization were observed separated by a desynchronized region. Like the previous case, we expected these regions to show different behavior, which is true, though the order is different, with the system going from point attractor to chaotic to period-three attractor as seen in Figure 4 . In the case of xy-coupling and xz-coupling, that was the final synchronized state, but we saw that, for yzcoupling, the final synchronized state undergoes one more shift into the chaotic attractor, although this time it is without the separation of a desynchronized region. This can be seen from Figures 5 and 6 , respectively.
Conclusion
In the model studied, we observed synchronization of three systems that were introduced by Sprott et al., in the case of two types of unidirectional coupling, using one variable and then two. We studied the case where the individual systems were in period-three hidden attractor. It was seen that, depending on the strength of coupling between the systems, not only was the synchronization affected, but also the final synchronized state was affected. While the one-variable coupling that gave the most interesting result was for x-coupling, where the final state shifted from point attractor to the chaotic one via the period-three attractor, the two-variable coupling gave for xy-coupling and xz-coupling the same phenomenon of transition from point attractor to chaotic attractor to periodthree attractor, whereas the yz-coupling made one more final transition to the chaotic attractor.
Our work emphasizes this observed synchronization, which, depending on the coupling strength alone, changes its final state from a stable equilibrium point to the strange and hidden attractors in that order or vice versa depending on the type of coupling. This change is interesting and we attribute this effect to the multistability of the system which made it very sensitive to perturbations.
Since the uncoupled system is very sensitive to the initial conditions, we tried to repeat the whole process with different initial condition, where the initial uncoupled system was in different attractors, including cases where each system was in a different attractor. Similar results were observed, where the system started from the point attractor and then moved to the periodic or chaotic attractor and then again moved on to a different attractor. 
